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FILLED JULIA AND MANDELBROT SETS FOR DYNAMICS
OVER THE NORMED REAL NONASSOCIATIVE ALGEBRAS
JOA˜O CARLOS DA MOTTA FERREIRA∗
AND
MARIA DAS GRAC¸AS BRUNO MARIETTO
Abstract. In this paper we introduce the notion of dynamical systems over
the class of the normed real nonassociative algebras not necessarily finite-
dimensional, generalize the classical filled Julia and Mandelbrot sets over the
complex numbers, investigate their orbits and make a topological analysis.
1. Introduction
Filled Julia and Mandelbrot sets arose from the study of dynamical systems over
several number systems (see [2, 5, 12, 14]). In this paper we introduce the notion
of dynamical systems over the class of the normed real nonassociative algebras not
necessarily finite-dimensional, generalize the classical filled Julia and Mandelbrot
sets over the complex numbers, investigate their orbits and make a topological
analysis of these sets. Finally we apply the results obtained to the class of finite-
dimensional real nonassociative algebras.
Throughout this paper, we assume that all real nonassociative algebras are
nonzero and at least 2-dimensional.
2. Real nonassociative algebras and normed real nonassociative
algebras
A real linear space A is called a nonassociative algebra when a multiplication
operation · (which is not necessarily associative, commutative or has an identity
element) is defined on A satisfying the following properties:
(i) u · (v + w) = u · v + u · w and (u + v) · w = u · w + v · w, for all elements
u, v, w of A,
(ii) a(u · v) = (au) · v = u · (av), for all real numbers a and elements u, v of A.
We define the Jordan product on A by u ◦ v = uv+ vu, for all elements u, v of A.
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A real nonassociative algebra A is said to be anti-commutative if satisfies the
identity
u · u = 0,
for all elements u of A. This identity is equivalent to the identity u · v = −v · u,
for all elements u, v of A.
Let A be a real linear space. A norm is a mapping ‖ · ‖ on A to R satisfying
the following: (i) ‖u‖ ≥ 0, for all elements u of A, and ‖u‖ = 0 if and only if
u = 0, (ii) ‖au‖ = |a|‖u‖, for all real numbers a of R and elements u of A, (iii)
‖u+v‖ ≤ ‖u‖+‖v‖, for all elements u, v of A. The pair (A, ‖ ·‖) is called a normed
space if ‖ · ‖ is a norm on A.
Two norms ‖·‖1 and ‖·‖2 on a normed linear space A are called equivalent if there
are positive constants M1 and M2 such that ‖u‖1 ≤M2‖u‖2 and ‖u‖2 ≤M1‖u‖1,
for all elements u of A.
A subset S of a normed space (A, ‖ · ‖) is said to be bounded if there exists a
positive real constant ζ such that ‖u‖ ≤ ζ for all elements u of S.
Let (A, ‖ · ‖) be a normed space. A mapping s : Z+ → A is called a sequence,
where Z+ denotes the set of positive integer numbers. We write s(n) = sn, for
every integer n of Z+, and s is denoted by (sn)n≥1. A subsequence of a sequence
(sn)n≥1 is a sequence of the form (tl)l≥1 where for each positive integer l there is
a positive integer nl such that {n1 < n2 < · · · < nl < nl+1 < · · · } and tl = snl . A
sequence need not begin with the term of index 1 but may start with any index.
A sequence s whose initial index is a positive integer n0 is denoted by (sn)n≥n0 . A
sequence (sn)n≥1 is said to be convergent to an element s0 of A if for any positive
real number ǫ there exists a positive integer n0 = n0(ǫ) such that ‖sn − s0‖ < ǫ
when n ≥ n0. We denote this convergence by limn→+∞ sn = s0.
A subset C of a normed space (A, ‖ · ‖) is said to be closed if the limit of any
convergent sequence of points of C belongs to C.
An open ball with center at a point u of A and having radius ρ > 0 is defined to
be the set ∆(u, ρ) = {v | v is any element ofA satisfying ‖v − u‖ < ρ}.
Let (A, ‖ · ‖) be a normed space such that A is a real nonassociative algebra.
We say that the norm ‖ · ‖ is submultiplicative if the inequality ‖u · v‖ ≤ ‖u‖‖v‖,
holds for all elements u, v of A. A normed real nonassociative algebra is a normed
space (A, ‖ · ‖) such that the norm is submultiplicative. We say that the norm
‖ · ‖ is weakly submultiplicative if there is a positive real number MA = (A, ‖ · ‖)
such that ‖u · v‖ ≤ MA‖u‖‖v‖, for all elements u, v of A. In this case, MA‖ · ‖
is submultiplicative norm on A equivalent to norm ‖ · ‖ and so converts A into
a normed real nonassociative algebra. We say that the norm ‖ · ‖ satisfies the
square property if ‖u2‖ = ‖u‖2, for all elements of A, and that satisfies the square
inequality if there are positive real numbers η = η(A, ‖ · ‖) and θ = θ(A, ‖ · ‖) such
that η‖u‖2 ≤ ‖u · u‖ ≤ θ‖u‖2 holds for all elements u of A. In the latter case, A is
said to satisfy a norm square inequality. It is straightforward that, if a norm ‖ · ‖
satisfies the square inequality, then so does every equivalent norm to ‖ · ‖, on A.
Furthermore, the product of two elements is represented by writing the elements
in juxtaposition. Thus uv means the product u · v, of any two elements u, v of A.
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3. Filled Julia and Mandelbrot sets
In this section, we generalized the notions of the filled Julia and Mandelbrot
sets over the class of the normed real nonassociative algebras based on the classical
notions of filled Julia and Mandelbrot sets defined over several numbers systems.
Let S be a subset of a normed real nonassociative algebra (A, ‖ ·‖). A dynamical
system is any mapping f : S → S. If f : A→ A is a dynamical system and u is an
arbitrary element of A, we write f1(u) = f(u) and fn(u) = f(fn−1(u)) for every
positive integer n. The set {fn(u)|n is a positive integer} is called the orbit of u.
We say that an element u of A has bounded orbit if there is a positive real number
ζ such that ‖fn(u)‖ ≤ ζ, for every positive integer n. When the orbit of an element
u is not bounded we say that it is unbounded.
For any element c of A consider the mapping fc(u) = u
2 + c, for all elements u
of A.
The filled Julia set associated with fc, denoted by KA(fc), is the set of elements
u of A for which there exists a positive real number ζu such that the inequality
‖fnc (u)‖ ≤ ζu
is satisfied, for every positive integer n.
The Mandelbrot set, denoted by MA, is the set of elements c ∈ A for which
there exists a positive real number ζc such that the inequality
‖fnc (0)‖ ≤ ζc
is satisfied, for every positive integer n.
3.1. Analysis of orbits.
Theorem 3.1. Let (A, ‖ · ‖) be a normed real nonassociative algebra such that the
norm ‖·‖ satisfies the square inequality. For every positive real number η satisfying
‖u2‖ ≥ η‖u‖2, for all elements u of A, holds the following: for every element c of
A, if for some element u of A and a positive integer n0 holds
‖fn0c (u)‖ > λ = max{2η
−1, ‖c‖},
then the orbit of the element u is unbounded.
Proof. Fix a positive real η, according to the hypothesis on the norm ‖ · ‖. Let c
be an arbitrary element of A and consider an element u satisfying ‖u‖ > λ. Then
‖u‖ > ‖c‖ and
‖fc(u)‖ = ‖u
2 + c‖ ≥ ‖u2‖ − ‖c‖
> ‖u2‖ − ‖u‖ ≥ η‖u‖2 − ‖u‖ = ‖u‖(η‖u‖ − 1).
Write η‖u‖ − 1 = 1 + δ, where δ is a positive real number. Then
‖fc(u)‖ > ‖u‖(1 + δ) > ‖u‖ > λ.
Assume that for some positive integer l holds ‖f lc(u)‖ > ‖u‖(1+ δ)
l. Then for the
integer l + 1 we have
‖f l+1c (u)‖ = ‖fc(f
l
c(u))‖ = ‖
(
f lc(u)
)2
+ c‖
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≥ ‖
(
f lc(u)
)2
‖ − ‖c‖ > η‖f lc(u)‖
2 − ‖f lc(u)‖
= ‖f lc(u)‖
(
η‖f lc(u)‖ − 1
)
> ‖u‖(1 + δ)l
(
η‖u‖ − 1‖
)
= ‖u‖(1 + δ)l+1.
Thus, the principle of mathematical induction allows us to conclude that
limn→+∞ ‖fnc (u)‖ = +∞. Thus one gets the desired result by taking f
n0
c (u) in
the place of u. 
Corollary 3.1. Let (A, ‖ · ‖) be a normed real nonassociative algebra such that the
norm ‖·‖ satisfies the square inequality. For every positive real number η satisfying
‖u2‖ ≥ η‖u‖2, for all elements u of A, holds the following: for every element c of
A, if for some element u of A holds ‖u‖ > λ = max{2η−1, ‖c‖}, then the orbit of
the element u is unbounded.
Theorem 3.2. Let (A, ‖ · ‖) be a normed real nonassociative algebra such that the
norm ‖·‖ satisfies the square inequality. For every positive real number η satisfying
‖u2‖ ≥ η‖u‖2, for all elements u of A, holds the following: for every element c of
A, if for some positive integer n0 holds
‖fn0c (0)‖ > 2η
−1,
then the orbit of the element 0 is unbounded.
Proof. Fix a positive real η, according to the hypothesis on the norm ‖ · ‖. Let c be
an arbitrary element of A satisfying ‖c‖ > 2η−1. Then ‖fc(0)‖ = ‖c‖ > 2η−1 and
‖f2c (0)‖ = ‖fc(fc(0))‖ = ‖c
2 + c‖ ≥ ‖c2‖ − ‖c‖
≥ η‖c‖2 − ‖c‖ = ‖c‖(η‖c‖ − 1).
Write η‖c‖ − 1 = 1 + δ, where δ is a positive real number. Then
‖f2c (0)‖ > ‖c‖(1 + δ) > ‖c‖ > 2η
−1.
Assume that for some positive integer l holds ‖f lc(0)‖ > ‖c‖(1 + δ)
l−1. Then for
the integer l + 1 we have
‖f l+1c (0)‖ = ‖fc(f
l
c(0))‖ = ‖
(
f lc(0)
)2
+ c‖
≥ ‖
(
f lc(0)
)2
‖ − ‖c‖ > η‖f lc(0)‖
2 − ‖f lc(0)‖
= ‖f lc(0)‖
(
η‖f lc(0)‖ − 1
)
> ‖c‖(1 + δ)l−1
(
η‖c‖ − 1‖
)
= ‖c‖(1 + δ)l.
Thus, the principle of mathematical induction allows us to conclude that
limn→+∞ ‖fnc (0)‖ = +∞. Thus one gets the desired result by taking f
n0
c (0) in
the place of c. 
Corollary 3.2. Let (A, ‖ · ‖) be a normed real nonassociative algebra such that the
norm ‖·‖ satisfies the square inequality. For every positive real number η satisfying
‖u2‖ ≥ η‖u‖2, for all elements u of A, holds the following: if for an element c of
A holds ‖c‖ > 2η−1, then the orbit of the element 0 is unbounded.
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3.2. Topological analysis. The theorem that follows is a generalization of the
classical results on the compactness of filled Julia sets [9, Proposition 14.2] and
Mandelbrot sets [10, Theorem, pp. 338], originally proved on the complex dynam-
ical systems, for the general case of the dynamics over the normed real nonassocia-
tive algebras not necessarily finite-dimensional.
Theorem 3.3. Let (A, ‖ · ‖) be a normed real nonassociative algebra such that the
norm ‖ · ‖ satisfies the norm square inequality. For every positive real number η
satisfying ‖u2‖ ≥ η‖u‖2, for all elements u of A, hold the following:
(i) for every element c of A the filled Julia set KA(fc) associated with fc is a
bounded and closed subset of A;
(ii) the Mandelbrot set MA is a bounded and closed subset of A.
Proof. (i) Let c be an element of A and (ul)l≥1 be a sequence of elements of KA(fc)
that converges to a limit u of A. First, we observe that if λ = max{2η−1, ‖c‖},
then ‖ul‖ ≤ λ, ‖u‖ ≤ λ and ‖fnc (ul)‖ ≤ λ, for all positive integers l and n, by the
hypotheses on the sequence (ul)l≥1, the element u and Theorem 3.1. Since (f
n
c )n≥1
is a sequence of continuous mappings on A, then liml→+∞ f
n
c (ul) = f
n
c (u) and
‖fnc (u)‖ = lim
l→+∞
‖fnc (ul)‖ ≤ λ,
for every positive integer n. It follows that the orbit of u is bounded which shows
that u belongs to KA(fc). Therefore, the filled Julia set KA(fc) is closed. The
boundedness of KA(fc) follows as an immediate consequence of the Corollary 3.1.
(ii) Let (cl)l≥1 be a sequence of elements of MA that converges to a limit c of
A. It follows that ‖cl‖ ≤ 2η−1, ‖c‖ ≤ 2η−1 and ‖fncl(0)‖ ≤ 2η
−1, for all positive
integers l and n, by Theorem 3.2. Since fncl(0) is a polynomial of degree 2
n−1, in the
variable cl, for every positive integer n, then (f
n
cl
(0))l≥1 is a convergent sequence
in A with liml→+∞ f
n
cl
(0) = fnc (0) and
‖fnc (0)‖ = lim
l→+∞
‖fncl(0)‖ ≤ λ,
for all positive integer n. It follows that the orbit of 0 is bounded which shows that
c belongs to MA. Therefore, the Mandelbrot set MA is closed. The boundedness
of MA follows as an immediate consequence of the Corollary 3.2. 
4. m-dimensional real nonassociative algebras, multiplication tables
and norms
A nonzero element u of a m-dimensional real nonassociative algebra Rm is called
idempotent if it satisfies the condition u2 = u.
For a subset S of a real nonassociative algebra Rm the smallest subalgebra of
Rm containing S is called subalgebra generated by S. For a subalgebra S of Rm we
define the following chains of subsets:
S(0) = S and S(k) = S(k−1) · S(k−1)
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The subset S(k) is called the k-th solvable power of S. An subalgebra S of Rm is
called solvable if S(k) = 0 for some positive integer k. The smallest integer k with
this property is called the index of solvability of S.
The multiplicative structure of a real nonassociative algebra Rm is completely
determined by its multiplication table for any basis. The standard presentation of
a multiplication table is given by
· e1 · · · ej · · · em
e1
...
...
ei · · ·
∑m
k=1 αijkek · · ·
...
...
em
(1)
where {e1, e2, · · · , em} is a basis and αijk (i, j, k = 1, · · · ,m) are real numbers.
4.1. Norm on Rm. In this section we build a norm on an arbitrary real nonasso-
ciative algebra Rm, whose original idea was developed in [7, Theorem 5.1.], for the
case of an associative algebra, and has been refined and improved in [8, Theorem
2.2.], for the case of a product algebra with weighted p-norm.
Given a real nonassociative algebra Rm with a basis B = {e1, e2, · · · , em} and
a multiplication table given by (1) we may define, in the underlying linear space,
an inner-product on Rm by a bilinearly extending g : Rm × Rm → R, where
g(ei, ej) = δij (i, j = 1, 2, · · · ,m) and δij is the Kronecker delta function. The
g-induced norm
‖u‖2 = g(u, u), (2)
for all elements u of Rm, has ‖ei‖ = 1 (i = 1, 2, · · · ,m), and satisfies
‖u‖2 =
m∑
i=1
a2i ,
for all elements u =
∑m
i=1 aiei, where ai (i = 1, 2, · · · ,m) are real numbers.
Theorem 4.1. In the above conditions, the g-induced norm (2) is weakly sub-
multplicative. Thus, any real nonassociative algebra Rm has a submultiplicative
norm.
Proof. For any elements u =
∑m
i=1 aiei and v =
∑m
i=1 biei where ai, bi (i =
1, · · · ,m) are real numbers, we have
‖uv‖2 = ‖(
m∑
i=1
aiei)(
m∑
i=1
biei)‖
2 = ‖
m∑
i=1
m∑
j=1
aibjeiej‖
2
= ‖
m∑
i=1
m∑
j=1
aibj
( m∑
k=1
αijkek
)
‖2 = ‖
m∑
k=1
( m∑
i=1
m∑
j=1
αijkaibj
)
ek‖
2
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=
m∑
k=1
( m∑
i=1
m∑
j=1
αijkaibj
)2
≤
m∑
k=1
( m∑
i=1
m∑
j=1
|αijk||ai||bj |
)2
≤
m∑
k=1
( m∑
i=1
m∑
j=1
α2ijk
)( m∑
i=1
m∑
j=1
a2i b
2
j
)
(CauchySchwarz inequality)
=
( m∑
k=1
( m∑
i=1
m∑
j=1
α2ijk
))( m∑
i=1
m∑
j=1
a2i b
2
j
)
=
( m∑
k=1
( m∑
i=1
m∑
j=1
α2ijk
))( m∑
i=1
a2i
)( m∑
j=1
b2j
)
=
( m∑
k=1
( m∑
i=1
m∑
j=1
α2ijk
))
‖u‖2‖v‖2
which yields ‖uv‖ ≤
(√∑m
k=1
(∑m
i=1
∑m
j=1 α
2
ijk
))
‖u‖‖v‖. This allows us to get
the desired results. 
Given that any two norms, on the linear space Rm are equivalent and if a norm
‖ · ‖ satisfies the square inequality, on a real normed linear space A, then so does
every equivalent norm to ‖ · ‖, in the rest of this article all the norms considered
in any real normed nonassociative algebras Rm are those of the type (2).
Theorem 4.2. Let CD(n,R) be the real nonassociative algebra R2
m
with a basis
B = {e0, · · · , e2m−1} and a multiplication table satisfying the properties (1), (2)
and (3), as given in [6, pp. 56]. Then, the g-induced norm satisfies the square
property.
Proof. Let u =
∑m
k=1 akek be any element of CD(n,R). Then
‖u2‖2 = ‖(
2m−1∑
k=0
akek)(
2m−1∑
k=0
akek)‖
2
= ‖(a20 −
2m−1∑
k=1
a2k)e0 +
2m−1∑
k=1
(2a0ak)ek‖
2
= (a20 −
2m−1∑
k=1
a2k)
2 +
2m−1∑
k=1
(2a0ak)
2
= (a20)
2 + (
2m−1∑
k=1
a2k)
2 − 2a20(
2m−1∑
k=1
a2k) +
2m−1∑
k=1
(2a0ak)
2
= (a20)
2 + (
2m−1∑
k=1
a2k)
2 + 2a20(
2m−1∑
k=1
a2k)
= (a20 +
2m−1∑
k=1
a2k)
2
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= (‖u‖2)2.
This shows that ‖u2‖ = ‖u‖2, for all elements of CD(n,R). 
As a consequence of Theorems 3.3 and 4.1, we have the following results.
Corollary 4.1. Let CD(n,R) be the real nonassociative algebra R2
m
with a basis
B = {e0, · · · , e2m−1} and a multiplication table satisfying the properties (1), (2)
and (3), as given in [6, pp. 56]. Then,
(i) for every element c of CD(n,R) the filled Julia set KCD(n,R)(fc) associated
with fc is a compact subspace of CD(n,R);
(ii) the Mandelbrot set MCD(n,R) is a compact subspace of CD(n,R).
5. 2-dimensional real nonassociative algebras
The best known two-dimensional real nonassociative algebras are the systems of
numbers of the form a+ bi with addition rule
(a+ bi) + (c+ di) = (a+ c) + (b+ d)i
and multiplication rule
(a+ bi) · (c+ di) = ac+ adi+ bci+ bdi2 = (ac+ bdp) + (ad+ bc+ bdq)i,
where i2 = p + qi, with p and q two fixed real numbers, which can be reduced
up to isomorphisms to one of the following three types: (i) the system of numbers
with i2 = −1 (called complex numbers algebra C); (ii) the system of numbers
with i2 = 1 (called perplex or hyperbolic numbers algebra P); (iii) the system of
numbers with i2 = 0 (called dual numbers algebra D). They all have the set {1, i}
as a basis, where 1 is the unit element [13].
In the case of an arbitrary two-dimensional real nonassociative algebra the mul-
tiplication table takes the form
Table I
· e1 e2
e1 a11e1 + b11e2 a12e1 + b12e2
e2 a21e1 + b21e2 a22e1 + b22e2
,
where {e1, e2} is a basis and aij , bij are real numbers.
We denote A = a12 + a21 and B = b12 + b21.
We are interested only in algebras of dimension two with at least one idempotent
element since they are closer to the complex, perplex and dual numbers. An arbi-
trary two-dimensional real nonassociative algebra R2 with at least one idempotent
admits a multiplication table as follows
Table II
· e1 e2
e1 e1 a12e1 + b12e2
e2 a21e1 + b21e2 a22e1 + b22e2
,
with respect to suitable choice of a basis {e1, e2} and real numbers aij , bij .
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Lemma 5.1. Let R2 be a real nonassociative algebra with an idempotent u and
a nonzero element v. Then the subalgebra generated by v is solvable if and only if
v2 = 0.
Proof. If v2 6= 0, let a, b, c be real numbers such that au + bv + cv2 = 0. Then
au = −bv − cv2 which implies that a = 0 since u is an idempotent. This results
cv2 = −bv. If b 6= 0, then we should have c 6= 0 which yields that −(cb−1)v is an
idempotent element what is an absurd. It follows that b = c = 0 what is again an
absurd. 
In the following subsections we build on ideas of [1].
5.1. Algebras that have a unique idempotent and dont have solvable
subalgebras generated by one element. In this case, for any base {e1, e2} of
R2, where e1 is a single-idempotent whose multiplication table is given by Table
II, we have e22 6= 0, by Lemma 5.1. It follows that a22 6= 0, otherwise (
1
b22
)e2 is
another idempotent.
The proof for the result that follows is immediate and so we will omit it.
Lemma 5.2. Let R2 be a real nonassociative algebra whose multiplication table
is given by Table II, where e1 is a single-idempotent. Then there is a basis of R
2
{e1, f2} (where f2 = αe1 + βe2 with β 6= 0) such that f22 = ±e1 if and only if the
system of equations{
α2 + Aαβ + a22β
2 = ±1
Bαβ + b22β
2 = 0
(3)
can be solved for at least one nonzero value of β.
Lemma 5.3. Let R2 be a real nonassociative algebra whose multiplication table
is given by Table II, where e1 is a single-idempotent and b22 = 0. Then there is a
basis of R2 {e1, f2} (where f2 = αe1 + βe2 with β 6= 0) such that f22 = ±e1.
Proof. By Lemma 5.2, the system of equations (3) can be solved taking α = 0 and
selecting the sign on the right to match the sign of the coefficient of β2, in the first
equation. 
Lemma 5.4. Let R2 be a real nonassociative algebra whose multiplication table
is given by Table II, where e1 is a single-idempotent and b22 6= 0. Then there is a
basis of R2 {e1, f2} (where f2 = αe1 + βe2 with β 6= 0) such that f22 = ±e1 if and
only if B 6= 0 and 1−AB/b22 +B2a22/b222 6= 0.
Proof. By Lemma 5.2, the system of equations (3) is equivalent to the system of
equations{
(1−AB/b22 +B2a22/b222)α
2 = ±1
Bα + b22β = 0
which can be solved by selecting the sign on the right to match the sign of the
coefficient of α2, in the first equation, and for at least one nonzero value of β. 
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Every two-dimensional real nonassociative algebra satisfying the conditions of
the Lemmas 5.3 or 5.4 admits the following multiplication tables:
Table III
· e1 e2
e1 e1 a12e1 + b12e2
e2 a21e1 + b21e2 −e1
or
or
Table IV
· e1 e2
e1 e1 a12e1 + b12e2
e2 a21e1 + b21e2 e1
.
The result that follows presents the relation of the coefficients A = a12 + a21
and B = b12+ b21 with the new table, that will be built in the change of basis from
{e1, e2} to {e1, f2}. It follows directly from the [1, Proposition, pp. 631] and so we
omit its proof.
5.2. Algebras that have a unique idempotent and a solvable subalgebra
generated by one element.
Lemma 5.5. If u is an idempotent and v a nonzero element such that the subal-
gebra generated by v is solvable, then {u, v} is a basis of R2.
Proof. Let a, b be real numbers such that au + bv = 0. Then au = −bv which
implies a2u = 0, by Lemma 5.1. This results a = 0 which yields b = 0. 
Every two-dimensional real nonassociative algebra satisfying the condition of
the Lemma 5.5 admits a multiplication table of type
Table V
· e1 e2
e1 e1 a12e1 + b12e2
e2 a21e1 + b21e2 0
.
5.3. Algebras that have two different idempotents.
Lemma 5.6. If u and v are two different idempotents, then {u, v} is a basis of
R2.
Proof. Let a, b be real numbers such that au+bv = 0. Then au = −bv which implies
a2u = b2v. Multiplying the penultimate identity by a and subtracting it from the
last we obtain (a+ b)b = 0. This allows us to easily conclude that a = b = 0. 
Every two-dimensional real nonassociative algebra satisfying the condition of
the Lemma 5.6 admits a multiplication table of type
Table VI
· e1 e2
e1 e1 a12e1 + b12e2
e2 a21e1 + b21e2 e2
.
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We end this part by observing that the complex numbers algebra C, the perplex
numbers algebra P and the dual numbers algebra D are, up to isomorphism, two-
dimensional real nonassociative algebras admitting the tables of type III, IV and
V, respectively, all of them satisfying A = 0 and B = 2.
Theorem 5.1. Let R2 be a real nonassociative algebra whose multiplication table
is given by Table III. If B 6= 0, then:
(i) for any element u of R2, u2 = 0 if and only if u = 0;
(ii) the norm ‖ · ‖ of R2 satisfies the square inequality.
Proof. (i) Let u = ae1 + be2 be any element of R
2, where a, b are real numbers.
Then
u2 = (ae1 + be2)(ae1 + be2)
= (a2 + (a12 + a21)ab − b
2)e1 + (b12 + b21)abe2
= (a2 +Aab − b2)e1 +Babe2.
If u2 = 0, then a2 + Aab − b2 = 0 and Bab = 0 which implies a = 0 or b = 0.
In both cases, we easily conclude that a = 0 and b = 0. Therefore u2 = 0 implies
u = 0.
(ii) Let u = ae1 + be2 be any nonzero element of R
2. Two cases are considered.
First case: b 6= 0. Let t be the real number such that a = tb. Then
‖u2‖2 = (a2 +Aab − b2)2 + (Bab)2
=
(
(t2 +At− 1)2 +B2t2
)
b4
and (
‖u‖2
)2
= (a2 + b2)2 = (t2 + 1)2b4.
The real function of one variable
h(t) =
(t2 + 1)2
(t2 +At− 1)2 +B2t2
is defined and is continuous on R and lim
t→±∞
h(t) = 1. It follows that h is a function
bounded in R. Thus, there is a positive real number η1 such that h(t) ≤ η
−2
1 , for
all real numbers t. It follows that,
η−21 ‖u
2‖2 − (‖u‖2)2
= η−21
(
(t2 +At− 1)2 +B2t2
)
b4 − (t2 + 1)2b4
=
(
η−21
(
(t2 +At− 1)2 +B2t2
)
− (t2 + 1)2
)
b4 ≥ 0.
Therefore, ‖u2‖ ≥ η1‖u‖2. Second case: a 6= 0. From a similar reasoning used
in the first case, we conclude that there is a positive real number η2 such that
‖u2‖ ≥ η2‖u‖2. Note that the values of η1 and η2 do not depend on the considered
element u. Taking η = min{η1, η2}, then we can conclude that ‖u2‖ ≥ η‖u‖2, for
all elements u of R2. 
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The following example shows that it is not possible to characterize the orbits of
the mapping fc, according the Theorem 3.1 for a real nonassociative algebra whose
multiplication table is given by Table III.
Example 5.1. Let R2 be a real nonassociative algebra whose multiplication table is
given by Table III, where B = 0. Let us consider the elements c =(−Aa±√(A2 + 4)a2
2
)
e1 + ae2 and u =
(−Ab±√(A2 + 4)b2
2
)
e1 + be2, where
a, b are any real numbers. We compute u2 = 0 which implies that fnc (u) = c, for
every positive integer n.
Theorem 5.2. Let R2 be a real nonassociative algebra whose multiplication table
is given by Table IV. If |A| < 2 or B 6= 0, then:
(i) for any element u of R2, u2 = 0 if and only if u = 0;
(ii) the norm ‖ · ‖ of R2 satisfies the square inequality.
Proof. Let u = ae1 + be2 be any element of R
2, where a, b are real numbers. Then
u2 = (ae1 + be2)(ae1 + be2)
= (a2 + (a12 + a21)ab + b
2)e1 + (b12 + b21)abe2
= (a2 +Aab+ b2)e1 +Babe2.
If u2 = 0, then a2 + Aab + b2 = 0 and Bab = 0. Two cases are considered. First
case: |A| < 2. Then a2+Aab+ b2 = 0 implies
(
a+
A
2
b
)2
=
(A2 − 4
4
)
b2. This shows
that b2 = 0 which yields a = 0 and b = 0. Second case: B 6= 0. Then a = 0 or b = 0
which leads to a = 0 and b = 0. This shows that u2 = 0 implies u = 0.
(ii) Let u = ae1 + be2 be any nonzero element of R
2. Two cases are considered.
First case: b 6= 0. Let t be a real number such that a = tb. Then
‖u2‖2 = (a2 +Aab+ b2)2 + (Bab)2
=
(
(t2 +At+ 1)2 +B2t2
)
b4
and (
‖u‖2
)2
= (a2 + b2)2 = (t2 + 1)2b4.
The real function of one variable
h(t) =
(t2 + 1)2
(t2 +At+ 1)2 +B2t2
is defined and is continuous on R and lim
t→±∞
h(t) = 1. It follows that h is a function
bounded in R. Thus, there is a positive real number η1 such that h(t) ≤ η
−2
1 , for
all real numbers t. Thus,
η−21 ‖u
2‖2 − (‖u‖2)2
= η−21
(
(t2 +At+ 1)2 +B2t2
)
b4 − (t2 + 1)2b4
=
(
η−21
(
(t2 +At− 1)2 +B2t2
)
− (t2 + 1)2
)
b4 ≥ 0.
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Therefore, ‖u2‖ ≥ η1‖u‖2. Second case: a 6= 0. From a similar reasoning used in
the previous case, we conclude that there is a positive real number η2 such that
‖u2‖ ≥ η2‖u‖2. Note that the values of η1 and η2 do not depend on the considered
element u. Taking η = min{η1, η2}, then we obtain ‖u2‖ ≥ η‖u‖2, for all elements
u of R2. 
The example below presents a real nonassociative algebra whose multiplication
table is given by Table IV where is not possible to characterize the orbits of the
mapping fc, according the Theorem 3.1.
Example 5.2. Let R2 be a real nonassociative algebra whose multiplication table
is given by Table IV, where |A| ≥ 2 and B = 0. Let us consider the elements
c =
(−Aa±√(A2 − 4)a2
2
)
e1+ae2 and u =
(−Ab±√(A2 − 4)b2
2
)
e1+be2, where
a, b are any real numbers. We compute u2 = 0 which implies that fnc (u) = c, for
every positive integer n.
The following example presents a real nonassociative algebra whose multiplica-
tion table is given by Table IV where there are empty filled Julia sets.
Example 5.3. Let R2 be a real nonassociative algebra whose multiplication table
is given by Table IV, where |B| ≥ |A| = 0, and an element c = αe1+ βe2 such that
α > 1. Then for any element of R2 u = ae1 + be2, where a, b are real numbers, we
have
fc(u) = u
2 + c
= (ae1 + be2)(ae1 + be2) + (αe1 + βe2)
= (a2 +Aab+ b2 + α)e1 + (Bab + β)e2
= (a2 + b2 + α)e1 + (Bab+ β)e2
= (‖u‖2 + α)e1 + (Bab + β)e2
which results ‖fc(u)‖ ≥ ‖u‖2 + α. Assume that for some positive integer l holds
‖f lc(u)‖ ≥ (‖u‖
2+α)l, for all elements u of R2. Then for the integer l+1 we have
‖f l+1c (u)‖ = ‖fc(f
l
c(u))‖ ≥ ‖f
l
c(u)‖
2 + α
≥
(
(‖u‖2 + α)l
)2
+ α ≥ (‖u‖2 + α)l+1,
for all elements u of R2. Thus, by principle of mathematical induction we prove
that ‖fnc (u)‖ ≥ (‖u‖
2 + α)n, for all elements u of R2 and every positive integer
n. This allows us to conclude that the orbit of any element u of R2 is unbounded.
This shows that KR2(fc) = ∅.
The theorem and example that follow are related to the class of algebras whose
multiplication table is given by Table II, where b22 6= 0, but they do not satisfy the
conditions of the Lemma 5.4.
Theorem 5.3. Let R2 be a real nonassociative algebra whose multiplication table
is given by Table II, where b22 6= 0. If B = 0, then:
(i) for any element u of R2, u2 = 0 if and only if u = 0;
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(ii) the norm ‖ · ‖ of R2 satisfies the square inequality.
Proof. (i) Let u = ae1 + be2 be an element of R
2, where a, b are real numbers.
Then
u2 = (ae1 + be2)(ae1 + be2)
= (a2 + (a12 + a21)ab+ a22b
2)e1
+((b12 + b21)ab+ b22b
2)e2
= (a2 +Aab+ a22b
2)e1 + (Bab+ b22b
2)e2
= (a2 +Aab+ a22b
2)e1 + (b22b
2)e2.
If u2 = 0, then a2 +Aab + a22b
2 = 0 and b22b
2 = 0. It follows that, b2 = 0 which
results a = 0 and b = 0. This shows that u2 = 0 implies u = 0.
(ii) Let u = ae1 + be2 be a nonzero element of R
2, where a, b are real numbers.
Two cases are considered. First case: b 6= 0. Let t be the real number such that
a = tb. Then
‖u2‖2 = (a2 +Aab + a22b
2)2 + (b22b
2)2.
= (t2 +At+ a22)
2b4 + b222b
4
=
(
(t2 + At+ a22)
2 + b222
)
b4
and
(‖u‖2)2 =
(
a2 + b2
)2
= (t2 + 1)2b4.
The real function of one variable
h(t) =
(t2 + 1)2
(t2 +At+ a22)2 + b222
is defined and is continuous on R and lim
t→±∞
h(t) = 1. This shows that h is a
function bounded in R. Thus, there is a positive real number η1 such that h(t) ≤
η−21 , for all real numbers t. Thus,
η−21 ‖u
2‖2 − (‖u‖2)2
= η−21
(
(t2 +At+ a22)
2 + b222
)
b4 − (t2 + 1)2b4
=
(
η−21
(
(t2 +At+ a22)
2 + b222
)
− (t2 + 1)2
)
b4 ≥ 0.
Therefore, ‖u2‖ ≥ η1‖u‖2. Second case: a 6= 0. From a similar reasoning used in
the previous case, we conclude that there is a positive real number η2 such that
‖u2‖ ≥ η2‖u‖2. Note that the values of η1 and η2 do not depend on the considered
element u. Taking η = min{η1, η2}, then we can conclude that ‖u2‖ ≥ η‖u‖2, for
all elements u of R2. 
Example 5.4. Let R2 be a real nonassociative algebra whose multiplication table
is given by Table II, where A = B = 2, a22 =
3
4
and b22 = 1. Then 1 − AB/b22 +
B2a22/b
2
22 = 0. Let us consider the elements c = ae1 + (−2a)e2 and u = be1 +
(−2b)e2, where a, b are any real numbers. We compute u2 = 0 which implies that
fnc (u) = c, for every positive integer n.
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The following example shows that it is not possible to characterize the orbits of
the mapping fc, according the Theorem 3.1, for real nonassociative algebras whose
multiplication table is given by Table V.
Example 5.5. Let R2 be a real nonassociative algebra whose multiplication table
is given by Table V, where A and B are any real numbers. Let us consider the
elements c = 0e1 + ae2 and u = 0e1 + be2, where a, b are any real numbers. We
compute u2 = 0 which implies that fnc (u) = c, for every positive integer n.
Theorem 5.4. Let R2 be a real nonassociative algebra whose multiplication table
is given by Table VI. If AB 6= 1, then:
(i) for any element u of R2, u2 = 0 if and only if u = 0;
(ii) the norm ‖ · ‖ of R2 satisfies the square inequality.
Proof. (i) Let u = ae1 + be2 be an element of R
2, where a, b are real numbers.
Then
u2 = (ae1 + be2)(ae1 + be2)
= (a2 + (a12 + a21)ab)e1 + ((b12 + b21)ab+ b
2)e2
= (a2 +Aab)e1 + (Bab + b
2)e2.
If u2 = 0, then a2 + Aab = 0 and Bab + b2 = 0. It follows that if a = 0, then
b2 = 0 which results b = 0. Now, if a+Ab = 0, then (−AB+1)b2 = 0 which yields
that b2 = 0. This results a = 0 and b = 0. This allows us to conclude that u2 = 0
implies u = 0.
(ii) Let u = ae1 + be2 be a nonzero element of R
2, where a, b are real numbers.
Two cases are considered. First case: b 6= 0. Let t be the real number such that
a = tb. Then
‖u2‖2 = (a2 +Aab)2 + (Bab+ b2)2
= (t2 +At)2b4 + (Bt+ 1)2b4
=
(
(t2 +At)2 + (Bt+ 1)2
)
b4
and
(‖u‖2)2 =
(
a2 + b2
)2
= (t2 + 1)2b4.
The real function of one variable
h(t) =
(t2 + 1)2
(t2 +At)2 + (Bt+ 1)2
is defined and is continuous on R and lim
t→±∞
h(t) = 1. This shows that h is a
function bounded in R. Thus, there is a positive real number η1 such that h(t) ≤
η−21 , for all real numbers t. It follows that,
η−21 ‖u
2‖2 − (‖u‖2)2
= η−21
(
(t2 +At)2 + (Bt+ 1)2
)
b4 − (t2 + 1)2b4
=
(
η−21
(
(t2 +At)2 + (Bt+ 1)2
)
− (t2 + 1)2
)
b4 ≥ 0.
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Therefore ‖u2‖ ≥ η1‖u‖2. Second case: a 6= 0. From a similar reasoning used in
the previous case, we conclude that there is a positive real number η2 such that
‖u2‖ ≥ η2‖u‖2. Note that the values of η1 and η2 do not depend on the considered
element u. Taking η = min{η1, η2}, then we conclude that ‖u2‖ ≥ η‖u‖2, for all
elements u of R2. 
The examples below present real nonassociative algebras whose multiplication
table is given by Table VI where is not possible to characterize the orbits of the
mapping fc, according the Theorem 3.1.
Example 5.6. Let R2 be a real nonassociative algebra whose multiplication table is
given by Table VI, where A and B are any nonzero real numbers such that AB = 1.
Let us consider the elements c = ae1−Bae2 and u = be1−Bbe2, where a, b are any
real numbers. We compute u2 = 0 which implies that fnc (u) = c, for every positive
integer n.
The following example presents a real nonassociative algebra whose multiplica-
tion table is given by Table VI and in which there are empty filled Julia sets.
Example 5.7. Let R2 be a real nonassociative algebra whose multiplication table
is given by Table VI, where A = B = 0, and an element c = αe1 + βe2 such that
α > 1 and β ≥ 12 . Then for any element u = ae1 + be2 of R
2, where a, b are real
numbers, we have
‖fc(u)‖ = ‖u
2 + c‖ = ‖(ae1 + be2)(ae1 + be2) + (αe1 + βe2)‖
= ‖(a2 + α)e1 + (b
2 + β)e2‖ =
√
(a2 + α)2 + (b2 + β)2
≥
√
2a2α+ 2b2β + α2 + β2 ≥
√
‖u‖2 + ‖c‖2
which results ‖fc(u)‖ ≥
√
‖u‖2 + ‖c‖2. Assume that for some positive integer l
holds ‖f lc(u)‖ ≥
√
‖u‖2 + l‖c‖2, for all elements u of R2. Then for the integer l+1
we have
‖f l+1c (u)‖ = ‖fc(f
l
c(u))‖ ≥
√
‖f lc(u)‖
2 + ‖c‖2
≥
√
‖u‖2 + l‖c‖2 + ‖c‖2 =
√
‖u‖2 + l‖c‖2 + ‖c‖2
=
√
‖u‖2 + (l + 1)‖c‖2
for all elements u of R2. Thus, by principle of mathematical induction we prove
that ‖fnc (u)‖ ≥
√
‖u‖2 + n‖c‖2, for all elements u of R2 and every positive integer
n. This allows us to conclude that the orbit of any element u of R2 is unbounded.
This shows that KR2(fc) = ∅.
We conclude this paper with a result that is a direct consequence of the Theorem
3.3.
Corollary 5.1. Let R2 be a real nonassociative algebra whose multiplication table
is given either by Table II, where b22 6= 0 and B = 0, or by Table III, where B 6= 0,
or by Table IV, where |A| < 2 or B 6= 0, or by Table VI, where AB 6= 1. Then:
FILLED JULIA AND MANDELBROT SETS 17
(a) for every element c of R2 the filled Julia sets KR2(fc) associated with fc
are compact subspaces of R2;
(b) the Mandelbrot sets MR2 are compact subspaces of R
2.
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